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1. Introduction 

In a conformal field theory (CFT) defined in flat space the trace of the stress-energy tensor 
vanishes. Despite this, in an even-dimensional CFT considered in curved space there is an anomaly 
and the stress-energy tensor is no longer traceless due to curvature contributions (Tj. This trace 
anomaly has been extensively studied in field theory and beyond (see [21 for a nice review), and, 
soon after the discovery of the AdS/CFT correspondence [3J, it was also considered in the context 
of holography. In particular, Henningson and Skenderis (HS) provided a holographic derivation 
of the trace anomaly of the boundary two- four- and six-dinrensional CFT [4] by studying the 
divergences of the supergravity action close to the AdS boundary. The four-dimensional result was 
also obtained later by de Boer, Verlinde and Verlinde (dBVV) using the Hamiltonian formulation 
of gravity and Hamilton-Jacobi theory 00, while the d = 6 result was obtained using the dBVV 
method in [Tj. Additionally, the dBVV method was used in 0 to compute the d = 8 holographic 
anomaly. The Hamilton-Jacobi method was also considered by Papadimitriou and Skenderis [9]. 

The results of HS and dBVV were obtained with Einstein gravity in the bulk, but this was 
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extended to higher-derivative gravity in m and m- A scalar field </> has also been considered 
in the bulk with its kinetic term, while more general situations involving also an axion have been 
examined in |12j . The flat space limit of the corresponding contributions to the anomaly has been 
considered in m in any even dimension, while the full curvature-dependent contributions have 
been computed in four dimensions in [7j. The ^-dependent terms for massless <f> correspond to 
contributions in CFTs with conformal manifolds, and in d = 4 they take the form of the Paneitz 
operator in d = 4 m, an operator first discussed by Fradkin and Tseytlin m and also consid¬ 
ered by Riegert M- The form of these contributions is dictated by conformal covariance m- 
For general even dimension the conformal covariance properties of the (^-dependent part of the 
holographic trace anomaly were pointed out in [9]. The case of massive 4> has been considered 
in [H], 

In this work we extend these results in d = 4,6 by considering higher-derivative gravity in the 
bulk, with higher-derivative quadratic interactions of a scalar field. Our bulk action is given in 
(12.11) below, and we also consider the required boundary action (12.31) . Following the method of cu 
we obtain our results for the trace anomaly in equations (13.91) and (13.141) in d = 4, 6 respectively. 
In d = 4 the new higher-derivative interactions of the scalar contribute to the trace anomaly in 
accord with the Paneitz operator mm, just like the standard kinetic term in the bulk. In d = 6 
the higher-derivative gravity terms and the standard kinetic term of </> have not been considered 
before. For the ^-dependent contributions we find that the kinetic term gives rise to the Branson 
operator mi a conformally covariant operator defined in d = 6, while the higher-derivative terms 
contribute to the Branson operator, but also give rise to two more conformally covariant operators 
quadratic in cj) and involving the Weyl tensor. These operators were shown to appear in CFTs 
with marginal operators in d = 6 in m- 

The trace anomaly in d = 6 CFTs in curved space contains three Weyl invariant contributions, 
with coefficients 01 , 02 , 03 , as well as the Euler term, with coefficient a. The parameter C 3 appears 
in the two-point function of the stress-energy tensor two-point function in flat space, while ci,C 2 
show up in the three-point function. Using positivity of energy flux in lightlike directions it was 
shown in m that one can obtain bounds on the parameters appearing in the three-point function 
of the stress-energy tensor. These bounds were understood holographically in [22], where they 
were shown to arise by causality considerations in the bulk. For the d = 6 case these bounds were 
considered in [2311211 for Gauss-Bonnet gravity in the bulk. In this paper we extend the result 
of [231124] for general higher-derivative gravity in the bulk using our result ([3.14p . 

Outside a conformal fixed point, Osborn has introduced a systematic treatment of the trace 
anomaly incorporating efficiently renormalization effects of composite operators |25l . In Osborn’s 
analysis a background metric 7 ^ is introduced and the couplings g 1 are promoted to spacetime- 
dependent sources for the corresponding composite operators Oj. Besides curvature-dependent 
counterterms required for finiteness, one needs to also consider counterterms containing derivatives 
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on g 1 [261127] . Then, a local renormalization group (RG) equation can be derived, valid along 
the RG flow. This corresponds to a local version of the Callan-Symanzik equation, and yields an 
expression of the form 

= /3 J Oi + (terms with derivatives on (1.1) 

for the trace of the stress-energy tensor T fW . The terms with derivatives on 7 „„ and g 1 in (11.111 
contain coefficients which may be related to flat-space correlation functions involving Tj w and Oj. 

Osborn further considered m and the response of the field theory under Weyl scalings, and 
derived consistency conditions in d = 2,4 stemming from the Abelian nature of the Weyl group. 
These are similar to the well-known Wess-Zumino consistency conditions (28], and have been a 
subject of interest recently in d = 4 [T?][29], as well as in d = 6 and more generally in any even 
d [30]. The main driving force has been a consistency condition of the form 

^% = GlJ P If5J ’ (L2) 

where g is the RG scale, found by Osborn in d = 2,4 and shown in [30] to appear in any even 
d. Equation (11.21) ties the monotonicity of the RG flow of a quantity a, related to the coefficient 
of the Euler term in the trace anomaly, to the sign of a symmetric tensor Gjj. In d = 2 a 
positive-definite Gu was found by Osborn [25], thus rederiving Zamolodchikov’s c-theorem m, 
while in d = 4 only a perturbative analog was obtained [26]. In d = 6 the sign of Gu was found 
to be negative in multiflavor q i 3 theory mm- 

Despite their obvious interest from the field theoretic point of view, Osborn’s local RG and 
consistency conditions have received limited attention from the holographic side. Erdmenger 
developed the subject to some extent in [33], but the results derived there do not illustrate the 
deep connection of Osborn’s formalism with the dBVV formulation of the holographic RG. In this 
paper we show that the flow equation of dBVV contains Osborn’s local RG equation. In d = 4 and 
with Einstein gravity and a massless scalar field in the bulk we compute holographically quantities 
in the local RG equation m like a and Gjj mentioned above. These quantities are related to the 
local divergent part of the supergravity action close to the boundary. Furthermore, we verify that 
all Weyl consistency conditions derived by Osborn in d = 4 are satisfied by the holographic result. 
We also consider bulk massive scalar fields, and comment on their contributions the anomaly. 

This paper is organized as follows. In the next section we describe for completeness the 
formalism of dBVV in the higher-derivative case. We derive all necessary results needed for the 
computation of the holographic trace anomaly in section [3j In section [4] we illustrate the relation 
of the holographic RG to the local RG, and derive an expression for the holographic trace anomaly 
away from the fixed point. In this section we also comment on the a-theorem-like consistency 
condition (11.211 in d = 4,6, and discuss the effects on the anomaly originating from massive scalar 
fields in the bulk. We also include appendices on details of the ADM decomposition, the boundary 
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terms, definitions of curvature tensors in d = 6, and results in d = 4 for the coefficients of the 
anomaly terms away from the fixed point assuming Einstein gravity and a kinetic term for the 
massless scalar field (j) in the bulk. 


2. Higher-derivative dilaton gravity 


We consider classical dilatonic gravity on an asymptotically-AdS manifold M ^ + 1 with metric g A1I/ . 
The bulk action is taken to be 


Sb = / d d+1 x^g{j?l+^), 

d Md +1 


( 2 . 1 ) 


where g is the determinant of g /tl/ and 


2S?J = 2A -R-aR 2 - bR^R^ - cR lwpa R, iyf)a , 


&t = \ + eRd^d.cj) + fR^d^d^ + gV 2 ^ 2 ^ + ■ 


( 2 . 2 ) 


Here we allow terms quadratic in <f> with up to two derivatives on (f>. The manifold M has a 
d-dimensional boundary dM and we also have the boundary action 


Sg = / d a yVh 
J(dM) d 


+ *t), 


(2.3) 


where hij is the induced metric and 

= 2 K + xiRK + ./:•_) R' j Kjj + x 3 K 3 + x 4 KK ij K i:j + x 5 K i j K j k K k i , 
■&d = yiKd^difi + yiKV difidjcfr + ysRnfiV 2 ^, 


where K t] is the extrinsic curvature, K = h lJ Kij, and £ n is the Lie derivative along the vector n^ 
normal to the boundary. The first term in is the Gibb ons-Hawking-York term for Einstein 
gravity {33J • More comments on the boundary terms can be found in Appendix |Bj The case with 
e = f = g = h = yi = y 2 = y 3 = 0 has been considered in mm- 

It is straightforward to work out the ADM form [36] of the action 


S = S B -Sg. 

Using technology summarized in Appendix [A] we can determine 

S = J dr J d d y\/TiJ£ , & = S$ + ^ + &} 


(2.5) 


( 2 . 6 ) 


where the radial coordinate r is identified with the RG parameter of the boundary theory and 


= 2A -R-K 2 + K^K i:j , 
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(2.7) 


= ~aR 2 ~ bR ij Rij - cR'i kl Rj jk i 
+ ((2a - xi)K 2 -2(3a - xi)K ij K ij )R 

+ ((26 + 2xi - x 2 )KK ij - 2(26 + 4c - x 2 )K i k K kj )R ij + 2 (6c + x 2 )K ik K jl R ijkl 

- (a + x 3 )AT 4 + (6a - b + 6x 3 - x 4 )K 2 K ij K i:j - (9a + 6 + 2c - 2x 4 )(K ij K i:j ) 2 
+ (46 + 4x4 - x 5 )KK i j K i k K k i - 2(26 + c - Sx^K^K^K^Rb 

+ 2(6 + Xl )KV 2 K + (8c + x 2 )K ij V 2 Kij ( 2 - 8 ) 

- (46 + 2xi - x 2 )K ij VidjK + 2(6 - 4c - x 2 )h ii Y j Y k K k i 

- ((4a + 6)/^A fe * + (6 + 4 c)h ik h jl )L ij L kl 
+ ((4a - xi)i?^' + (26 - x 2 )R ij )Lij 

- ((4a + 3x 3 )AT 2 - (12a + 26 - .m,) A'A', ; ) /. 

- (2(6 + x 4 )KK ij - (46 + 8c - 3x 5 )K i k K kj )L ij , 

and 


= eRd i (j)di(t> + fR ij di0dj0 + gV 2 (j)V 2 ^ + hV*# <f>V idrf 

- ((e + yi)K 2 - (3e + 2y l )K i3 K ij + (2e + yi)A)5 fe 04</> 

- ((/ - 2yi + y 2 )KK i3 -2(f + h + 2y 2 )K\K k3 + (f + y^U^drf 
+ (eR - (e - //) AT 2 + (3e + / + h)K ij Kj.j - (2e + /)A) (4^) 2 

+ 2gK£ n ^(£ n £ n <\) - £ a (j)) + (g + h)(£ n £ n (j) - £ a q 5>) 2 
+ 2 (/ + g)K\7 2 cj) £ n <\> -2 (/ - h)K iJ Vii) : o 
+ (2fif + 2 / 3 )V 2 </>(4x4i4 - A4) + (2 h - 2/ 3 )<9Xi<M4i4 

+ (2/ - 22/1 - y 3 )Kd l (j)di£ n <j) -2(f + 2h + y 2 - y 3 )K 13 d t (p £ n cJ). 


In (12.81) and (12.91) we neglect terms in the right-hand side that are total derivatives. 

For the higher-derivative Lagrangian 2 z? of (|2.6I) we consider the canonical variables < 5 ^, ATjj, 
4>, £ = £ n (j), TTij, Pij , 7 T 0 , and As, with the usual definitions 




5/1 




p.. — 
— 


dkv 


^ (j) 


d££ 

dip 


Pz = 


d& 

dt 


( 2 . 10 ) 


Since A ? ;j is linear in ATjj it is easy to compute 


pt j = -2 ((4a + 6 )A ij h fcZ + (6 + 4c)h ik h jl )L kl 

+ ((4a - xi)A - (4a + 3x 3 )A ' 2 + (12a + 26 - x 4 )K kl K kl )h ij 
+ (26 - x 2 )R ij - 2(6 + x 4 )KK ij + (46 + 8 c - 3x 5 )K\K kj 


- ((2e + f)Y, 2 + (2e + y 1 )d k ct>d k (j))h 13 - (f + y 2 )d l (j)d 3 (j). 
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Equation (12.111) is solved for L^j by 


Lij = L^P - P +), Pf 3 = — ((2e + /)£ 2 + (2e + y 1 )d k <l>d k <f>)h i j ~ (/ + wWdjt, (2.12) 

where 


L'ij{P) = 


2(6 +4c 


+ 


2 (6 + 4c)(d(4a + 6) + 6 + 4c) 


■ (Pi 3 - (2 b - x 2 )Rij + 2(6 + x 4 )KKij - (46 + 8c - 3x 5 )K ik K k j) 

^(4a + b)P — (2 6 2 + 4a(6 — 4c) + (6 + 4c) xi — (4a + b)x 2 )R 

+ (26 2 + 4a(6 — 4c) — 3(6 + 4c)x3 + 2(4a + b)x 4 )l\ 2 

— (2b 2 + 4a(6 — 4c) + (6 + 4c)x4 — 3(4a + 6) x§)K kl K^hij . 

(2.13) 


Also, since T n £ is linear in £ we find 

Pz = 2(g + h)(£ n Z - £ a (j>) + 2 5 (V 2 0 + AT£), 


(2.14) 


which allows us to express 

t = N {^ 2(g\h) ( p s-2ff(V 2 «/> + iC£)) + £ a ^j + £ N E . 

The action (|2.6D can now be written in the first order form 

S = J dr J d d yVh (n ij (h i3 - 2NK tj - ViNj - VjNi) + — NT, — £ N cj)) + 2z?) 

= j dr J d d yVJi (P 3 h l3 + 7i+</> + P lj K i3 + Ps £ - Jtf) , 

with 


(2.15) 


(2.16) 


JT = ir ij (2 NKij + ViNj + VjNi) + vr 0 (N£ + £ N <j >) + P lj k i3 + P s £ - , (2.17) 

which can be brought to the form 

^ = NH{g, 0, K- vr, tt 0 , P - P*) + N l V t (g, <j>, K ; tt, tt 0 , P - P+) , (2.18) 

for appropriate R and V that can be easily worked out. For this one needs to use (IA.12D and 

dznzp . 

Requiring that the variation of S vanishes gives us Hamilton’s equations and a constraint at 
the boundary, which can be satisfied by either Dirichlet or Neumann boundary conditions for the 
variables h t j , q i, Kij and £. In order to impose Dirichlet boundary conditions for h t j and q 6, and 
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Neumann boundary conditions for i'Qj and S, the action S needs to be modified appropriately. 
This can be done by means of a canonical transformation so that instead of S we use 


with 


S = S- j d d+1 x £ t (■ Vh{P ij K i:j + P E E)) 

= J dr j d d yVl (7T lJ h l3 + — l\; j / "•' -PPv-NP- N l Vi) , 


(2.19) 


n = n + k(k^ Pi j + sp s ), 

Vi = Vi - Vi(Ki k P jk + SP E ) . 


( 2 . 20 ) 


Now we can impose Dirichlet boundary conditions for hij and (j), and Neumann boundary condi¬ 
tions for Kj 3 and E. As we observe S in (12.19[i does not contain derivatives of N or N l , and so 
these act as Lagrange multipliers enforcing the Hamiltonian and momentum constraints 


U = 0 and Vi = 0. (2.21) 

To proceed we need to obtain an action defined at the boundary. Let hij, (j), Pij and P E be 
the solutions of 5S = 0 with the appropriate boundary conditions. Using these solutions in S and 
defining hij(y,r = r 0 ) = hij(y) etc., gives us the classical action S c [h(y),(/>(y), P(y)-P <t> (y), P E (y)], 
and we have 


iL;7r,7T0,P - P#) = 0 and V c (h, (f>, K\ ir, tt^, P — P^) = 0 . 


( 2 . 22 ) 


The Hamiltonian and momentum constraints (I2.22jl can be recast as equations for the reduced 
classical action S r defined as 

S r [h,(j)\ = S c [h,(j), 0,0], (2.23) 

where the Neumann boundary conditions for Kij and E have been used in S c . The conjugate 
momenta on the boundary (fixed r = r q) are given by 


_U7 

7 T\ J = — 


1 6S r 

y/% 


7r 


\+ = ~ 


1 6S r 

VI 5< />' 


(2.24) 


The constraints (|2.22l) can be recast as constraints on S r by using S of (12.61) . Starting with 
which we write in the form 7r ^hij + 7r^</> — Jtfj 1 — we can use (12.101) to determine 


7T jj — hP-ij Khij , 7T0 — £ n 0 , 


(2.25) 


which give 

dP-ij — 7T ij — - 7T hij , L'n 0 — 7T0 . 


(2.26) 
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Then, 


'Uh = ^ij^..__±_^2_ 2K + R 

V} = -2 V j i 


Jftf = N [ 77 ^ 7 Tij - — 7T 2 - 2A + Rj - 27V*V%^., ^ = ±JV(7rJ - d^d^) + vr^ , 

(2.27) 

and with definitions like in (|2.18l) we obtain 

1 ° “ ~ nt = h(* r a W)> 

(2.28) 

'7 Tij, Vf = TT^diCj) . 

The projection of these expressions onto the boundary is trivial, and amounts essentially to 
7Ty,7T0 —>• 7r|jy, vt|^ of (12.241) . thus translating (12.221) into constraints on the form of the reduced 
classical action S r . 

The relations in (|2.26|) can also be directly obtained by the equations 
d d y'VTiJtfb, hi](y)^j = hij{y), 
where = Jtfj 1 + J and 

{F(q,p), G(q,p)} = - 

The advantage of this method is that it can also be used at higher order due to the theorem 
of m More specifically, from 

J d d y'Vl K i:j {y ) j = k l3 (y) , j J d d y'Vl3ft, S(y)| = ±(y) , (2.31) 

we find that in (|2.6I) we may use 

2(d - l) 2 ~ 1 ' )A + ( d ~ ( d ~ l )-K kl "K k i -3ir 2 )hij + Rij - + 277{ c 77 kj 

4(d - 1) ~ n l)hij ~ \di4>dj4 >, 

(2.32) 


| J d d y'Vhj#b, (f>(y) | = fay ), 

(2.29) 

dG dF dG 

(2.30) 

dq dq dp 


Lij — 


+ 


and 

£ n £n<t> - £a4> = d — Y 7T7r <P - V 2 </>. (2.33) 

We notice that (|2.33l) is the ADM decomposition of the bulk equation \7 2 <f> = 0. As a result, the 
coefficient g of (12.21) will not contribute to the Hamiltonian. With our results it is straightforward 
to compute 

Ti\ = aiTr z jTT j k ir k iir l i + k ir k i + a 3 (7r*%jj) 2 + a 4 7r 2 7r+ a 5 7r 4 

+ faA.77 lj 77ij + fa A7T 2 + fa R-K lj TTij + fa Rt7 2 + fa R lj 77i77 kj + fa R lj 7777{j + fa R ljH 77i k 77jl 
+ 71 7T* J 'VjVfc7r fc j + 72 77 lj \/idj77 + 7 3 7T U V 2 7 7ij + 7 4 7T V'Vfaij + 7 5 7rV 2 7T 

+ < 5 i A 2 + 62 A R + 5 3 R 2 + 64 R ij Rij + S 5 R ijkl R ijk i , 


(2.34) 



















and 


with 
a\ = 

a 3 = 

a 4 = 

«5 = 

01 = 
02 = 
03 = 
Pa = 

05 = 

7i = 

74 = 
Si = 
62 = 


nf = ei tt *- 7 TTij tt 2 + e 2 tt 2 tt 2 + e 3 tt^ 

+ Cl^- 71 '^ + C 2 

+ 771 ir lj n^Vidjcj) + 772^7r^V 2 </) + r) 3 ir l k Tr kj di^djCp + 774 7 T 7 T*- 7 d^djcj) 

+ rj 5 n lj TT ij d k 0dk0 + r^Tr 2 d l 0di4> + iqrK^d l 0di0 ( 2 . 35 ) 

+ 9id l 'K < j > d i 'K ( j ) + e 2 n lj diir^djcj) + 9 3 ird l Tr (j> di(t) 

+ K,iAd l <t>di(j) + K 2 Rd l 0di0 + k^R^ di<fidj0 + k 4 V 2 0V 2 (/> + k$ V l d^0\/idj0 
+ A (d l 0dip ) 2 , 


—^2 ( 4a + (d 2 — 3d + 4)6 + 4(d - 2)(2d - 3)c — 2(d — l)(dx 4 + 3x 5 )) , 

— 2 (d—ip ( 4a (d 2 — 3d + 4) 6 + 4(2d 2 — 5d + 4)c 

+ 3dx 3 — (2d 2 — 7d + 2)x 4 + 3(2d — 1 ) 0 : 5 ) , 

^^ —j-yj- (4a + (d 2 — 3d + 4)6 + 4(2d“ — 5d + 4)c 

+ 2(3d — 4 )x 3 — 2(d 2 — 6 d + 6 )x 4 + 2(5d — 6 ) 0 : 5 ) , 

——-yj (4da — d(d — 3)6 — 4(d — 2)c — (d — l)(do ; 4 + 3xs)) , 

— —--tt (4da — did — 3)6 — 4(d — 2)c + 3 dx 3 — (d 2 — 2d — 2)x 4 — 3(d — 2 ) 0 : 5 ) , 

(d — 1 + 

1 ( 4a + (d 2 — 3d + 4)6 - 4(3d — 4)c — (d — l)(d.xi + x 2 - (d — 2)x 4 + 3x 5 )) , 

~ 2 (d - l ) 3 ^ 4a + (d 2 ~ 3d + 4 )^ ~ 4 (d - 2 ) c 

— (d — 1) (d — 4)xi + 3(d — l)x 2 — 3(d — 2)x 3 + (d 2 — 8 d + 10)x 4 — 3(3d — 4 ) 0 : 5 ) , 
2 

16c + 3 x 5 j 06 = (®1 + 2x 2 -X 4 - 3x 5 ) , 07 = -2 ( 6 c + x 2 ), 

-2(6 - 4c - x 2 ), 72 = — ! (26 + 8 c + 2 37 + x 2 ), 73 =- 8 c-x 2 , 

2 1 
—j(b-Ac-x 2 ), 75 = ^—j -( 8 c + x 2 ), 

—j-yj (4da + (d + 1)6 + 4c) , 

^ (4da - d(d - 3)6 - 4(d - 2)c — (d — l)(d.Ti + x 2 )) , 
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1 


<*3 = 


4(d- l ) 2 
64 = 4c + x 2 , S 5 = c 


(4 a + ( d 2 — 3d + 4)6 — 4(3d — 4)c + 2(d — 1) ((d — 2)x\ — x 2 )) , 


(2.36) 


and 


ei = 


4(d — 1)' 


C2 = - 


4(d- l ) 3 


(4 da - d(d - 3)6 - 4(d - 2)c - (d - l)(4e - 2(d - 2)/ + 4(d - l)/i) 

— (d— l)(dx 4 + 3x 5 )) , 

(4da - d(d - 3) 6 - 4(d - 2) c - 2(d - 1) (2e - (d - 2) / + 2(d - 3) h) 


£3 = 

Ci = 


d 

16 (d — l ) 2 
d 

2 (d — l ) 2 

1 


+ 3dx 3 — (d 2 — 2d — 2 )x4 — 3(d — 2) £ 5 ) , 
(4do + (d + 1)6 + 4c — 4(d — 1) (2e + /)) , 

(4da + (d + 1) 6 + 4c — 2 (d — 1) (2e + /)) , 


C 2 = ^—^2 ( 4c ^ a - d(d - 3)6 - 4(d - 2 )c - 2 (d - l)( 2 e - (d - 2 )/) - (d - 1 ) (dxi + x 2 )) , 

Vi = 2 (f ~h), m = — (4/i - 7 / 3 ), 7/3 = — i (8c + 4/i + 3 x 5 + 4 2 / 2 ) > 


1 


m = 


m = 


V6 = 


m = 


d- 1 

1 


4(d- l ) 2 


1 


d- 1 

(4c + 4/i + £4 + 3x 5 + 2i/i + 4 2 / 2 ), 

(4(d — 2) a — (d — 2) (d — 3) 6 + 4(3d — 4)c — 2(d — l)(2e + /) 


- (d - 1) ((d - 2)x 4 - 3x 5 + 2dyi + 2y 2 )) , 

((d — 2) (4a — (d — 3)6) + 4(3d — 4)c — 2(d — 1) (2e + / — 4/i) 


8 (d — l ) 2 
6 »! = -2h + y 3 

Kl = 2 (d- l ) 2 
1 


4(d — l) 3 

+ 3(d — 2 ) x 3 - (d 2 — 8d + 10)x 4 + 3(3d — 4)x 5 — 2(d — 1) ((d - 4 ) 2/1 — 3 y 2 )) , 
((d — 2) (4da + (d + 1) b + 4c) - 2 (d - 1) ((d - 1) (4e + /) + dy\ + 2 / 2 )) , 

1 


1 


k 2 = 


4(d- 1)2 


, #2 = 2 (/ + 2/i + 2/2 — 2 / 3 ), #3 = — 7 ( 4/1 + 22/1 + 27 / 2 - 7 / 3 ) 

d — 1 

((d — 2) (4da + (d + 1) 6 + 4c) — 2 (d - 1) (2de + / + d7/i + 2 / 2 )) , 

((d — 2) (4o — (d — 3)6) + 4(3d — 4)c — 2(d — 1) (2e + /) 

- (d- l)((d - 2)xi - x 2 - 2(d - 2 ) 2/1 - 2t/ 2 )) , 


«3 = -|(8 c + X 2 - 2t/ 2 ) , K 4 = -/l + 2/3, K 5 = -h, 
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1 


A = 


16(d — l) 2 


(4(d- 2) 2 a+ (5d 2 - 15d + 12 )b + 4(4d 2 - lld + 8)c 
- 4(d - 1) (2(d - 2)e + (2d - 3)/ + (d - 2) Vl + (2d - 3 )y 2 )) . 


(2.37) 


As expected, g does not appear in any of these constants. From now on we will only consider 
terms quadratic in cj) so that A above will not be used. 

With these results we can write down the equation that gives us the reduced classical action, 
namely 

u r (h , </>, tt|, vr| 0 ) = H^ + nt + ni + ni = o. ( 2 . 38 ) 

This can be written as a flow equation 

{S r , S r } + {S r , S r , S r , S r } = &d, (2-39) 


where the two-bracket is given by 


h{S r ,S r } = (1 + fiiA + p 3 R)h ik hji 


5S r 5S r 

5hij Shki 


~(3 2 A ~/3 4 r) \hij- SSr 


d — 1 


Sh 


ij 


+ & R ik h jt + R ij h kl ^1 + fa R ijkl 6Sr 6Sr 


3hij 5h k i 


dhij 5h k i 


Shik dhji 


5S r 


6S r 


5S r 


5S r 


+ 'yih ij j=2-V k ’Vi-=- +72-~-A7 k di h l3 -~- 

oh ik ohij oh k i \ dh. 


T 73 hik hji 


SS r 2 SS r 


ij 


Sh 


-V" 


ij 


Sh k i 


+ 74 h, 


v 


6Sr 

Shu 


5S r i ~ ~ 5S r 2 SS r 


Vfc V; -1- 75 hij h k i -~r 

oh k i oh 




Sh k i 


+ (i + CiA + C 2R) (^) 


+ m 


ss r ss r „, ai ^ , — ““’■vV + 13 'w 


- + 7/2 /ij 


<55 r <5S r 


<55 r <55 r 


Shij S<(> T Shij Scf> ' §hij Sh k i 


dj(f>di(f> 


H] 


+ rj4hi 


SSr SSr a ^ , r. ! <55 r <55, 

7 7—-r—d k <PO l (l> + 7/5 hikhji—- -- 7 - 

ohij oh^i ohij ohki 


r d m 4 ) dm4 > 


I 1 . SS r \ ak 

+ 7/6 U 1 ** 


V 

d k c(>d k (j) + 7/7 ( d l (j)di(f> 


Sh i:l l ' 


, 71 O ^ ,71 SS r SS r ~ SSr ak SS r ^ : 

+ #1 <9 — 5 — + 02 Oi——djcj) + 63 hij d——o k (p, 


S<j> S(() 


Shij ’ S<() 


Sh^ Sc/) 


(2.40) 
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the four-bracket is given by 


h {S r , S r , S r , S r } — Ot\ hiqhjkhlmhnp 


6S 


& Sr SS r SS r SS r 


5hij Shki Sh mn Sh 


pq 


-t~ Ot-2hij ~ h'kqh'lmh'np 


5S r SSr 5S r 


Sh. 


Shu Shmn Sh. 


~k ®3 I hikhji 


pq 




SS r SS r 
Shij Shu 


+ «4 \ h 


6S r 


ij 


Sh 


hkmhi 1 


V J 


SSr SS r 
Sh H Sh 

rru 


+ a 5 h 


v 


SS r 
S hi j 


(2.41) 


~k e\ hikhji 


SS r SS r fSS, 


Shu Shu \ S</> 


+ £'2 I h. 


SS r 


Ij 


Sh 




SS r 

~S^ 


€3 


SS r V 

) 


and 


& d = 2 A - R - Si A 2 - S 2 AR - S 3 R 3 - S 4 R lJ R,, - S 5 R ijkl Rij 


ijkl 


+ \d l cj)di(j) — KiAd l (j)di(l) — K2Rd l c/)di4> — k 3 R 13 dj(f>dj(j> — k 4 — /C 5 Vh 


(2.42) 


3. Trace anomaly from the flow equation 


The flow equation (|2.39l) becomes useful if we make an ansatz for S r following (5j[6j: 

\ S r [h, (f>\ = l Si oc [h,4>] +T[h,4>] , (3.1) 

lK d+l ZK d+l 

where 2kj +1 = 167rGrd+i with Gd+i the (d + l)-dimensional Newton constant, T is the generating 
functional of the boundary field theory, and S\ oc contains local counterterms. Equation (13.11) is 
only valid close to the boundary. Contributions to Si oc are classified according to their scaling 
behavior close to the boundary. This is described by an appropriately defined weight giving 
rise to the relation 

S loc = f d d yVlj? loc , J% oc = £ 24? • (3-2) 

w= 0 , 2 ,... 

A derivative has w = 1, and so a curvature has w = 2. We now use (|3.2I) in (12.391) and obtain 
independent equations for every weight. For w = 0, 2 we find 


{'S'loC! 'Sloc}«) = 0 ~h {5loC) <5100 *5loC! *5loc}tO=0 (-1 4] A)A , 

{5’ioc ! 5'ioc}«)=2 + {-S'loc, •S'loc, -Sioc, <S'i oc }«)=2 = -(I + 6 2 A)R + (i - kiA )d l 4>di(t>, 
respectively, which, with 


A = 


d(d-l) d{d- 3) 


2£ 2 


+ 


2£ 4 


{d{d + l)a + db + 2 c) 


(3.3) 


(3.4) 


1 See section [4] below for more details on the weight. 
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so that we have AdS space with radius i asymptotically, allow us to determine 


j 4° c } = W , JSf® = -*R + iMd^dicP, (3.5) 

with 

W = — -—- — ^ (4d(d + l)a + 4 db + 8 c + d{d 2 x 3 + dx 4 + X 5 )) , 

4 = JT2 - ? ( (< i- l) 2 (rf-2) ( ” !( ‘ i + 1)« + + 2=) - dx, - x 2 - + dx 4 + x 5 )) . 

M = — — ^ ^ 1 (d(d + l)a + db + 2c) — ^ ^ + l)e + d/ — 2/i) 

+ 2(d- i) ^ 2 ^ 3 + rfx4 + x s) ~ 2(dg/i + 3 / 2 )^ , 

(3.6) 

where we choose the negative sign for the l/£ term of W so that the £ term of M is positive. 
Note that we are only able to determine W, <h and M up to specific powers of £ as seen in (13.61) . 
consistently with the terms included in (12.21) and (12.41) . Further terms in the 7-expansion of W, 
and M depend generally also on even higher-derivative terms than the ones considered in (|2.2D 
and (12.41) . 


3.1. Four-dimensional trace anomaly 

At weight four the four-dimensional trace anomaly can be evaluated using the definition 

(T\) = -^=h tj - 5T 


Vh lJ sh 


(3.7) 


ij 


We assign weight four to 5T/6hij and 6T/5(j), and then (12.391) give: 


2{5loc) r}ui =4 -)- 4{iS'l oc , Sloe; Sloci r} w=4 — 2 ({'-hocj S'loc}u)=4 4“ {<Slocj ‘S'locj ‘S'locj ‘Sloc}ui=4 

Zn 5 

+ 83 R 2 + 5 4 R ij Rij + 5 b R ijkl R ijkl (3.8) 

+ k 2 Rd^drf + k 3 R ij di^djc/) + /t 4 V 2 <)>V 2 <)> + k 5 . 

It turns out that with W as in (13.61) the left-hand side of (13.81) does not contain a 1/f 3 contribution 
for any d, and so it is simply equal to (1 /£)(T\) at the order we’re working in. It is also 
straightforward to work out the right-hand side of (13.81) . and using (13.61) we finally find 


(T\) = —2 ( - \ (\£ 2 - 10a - 2b - c) E 4 + I (±7 2 - 10a - 2b + c) W ijkl W ijkl 
2k 5 V 

+ \{\£ 2 - lOe - 2/ + 2 h) (V 2 </>V 2 0 - 2 R ij drfdrf + § Rd i (f)d z 


(3.9) 


2 In ( 13 . 81 ) by 2{Si oc ,r} we mean {Si oc ,r} + (T, Si oc } and similarly for 4 {.3i oc , S'i oc , 6i oc , Tf. 
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where the Euler term is 


E a = R ijkl R ijk i - 4 JV j Rij + R 2 


(3.10) 


and the Weyl tensor is here the d = 4 version of 

W^ijkl Rijkl 4“ 2 {^i[l^k]j 4“ ^j[k^l]i) 4“ (d— l)(d—2) ^i[k ■ (3.11) 

In (13.91) the part of the anomaly quadratic in (j) is i n accord with the d = 4 version of the 
Paneitz operator [QJ (see also Hang). Note that although present throughout the calculation 
the constants x\,... , X 5 , y±, 2/3 do not contribute to the final result (13.91) . 


3.2. Six-dimensional trace anomaly 


To compute the d = 6 anomaly we have to consider the weight-six part of the flow equation (|2.39l) . 
At weight four we set 

= XR 2 + YR ij Rij + ZR ijkl R ijkl + VR + UR ij + T V 2 (j)X 2 (j), (3.12) 

and the weight-four part of (12.391) allows us to determine 
d£ 3 i 


X = 


4(d — l)(d — 2) 2 (d — 4) 2(d- l) 2 (d-2) 2 (d-4) 


(3d 2 (d + l)a - 3d 2 b + 2(2d 2 -3d + 4)c) 


2 (d- 1) 


1 


Xl 


-X 2 + 


1 


d-2 z 4(d — l)(d — 2) 2 


(3 d(d 2 — 8d + 8)^3 


Y = - 


l 3 


+ 


27 


(d-2) 2 (d-4) (d- l)(d-2) 2 (d-4) 


-(5 d 2 + 8 d- 16)s 4 -3(7 d- 8)x 5 )^ 
(3 d(d + l)a + 3 db + 2 (d 2 — 3d + 5)c) 


d-2 


X2 + 


2 (d- l)(d-2) 


{3d 2 xs + d(2d + l)x A + 3(2d + l)xs)^ , 


Z = — 


V = - 


+ 


+ 


l 


d-4 ’ 


d£ 3 


d£ 


4(d — l)(d — 2) 2 (d — 4) 2(d- l) 2 (d-2) 2 


(d(d + 1 )a + db + 2c) 


2(d — l)(d — 2) 2 (d — 4) 


(d 2 (d + l)e + d 2 f — 2(3 d — 4 )h) 


4(d-l) 


Xl 


d-2 


x 2 4- 


2 (d- l)(d- 2) 2 


(3 d(d 2 —8 d + 8 )x3 


— (5d 2 + 8d - 16)x 4 -3(7d - 8)x 5 )^ 


2 (d- 1) 


yi 


d-2 


d2 
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g3 21 

U= (d- 2)2 (d - 4) + (d - l)(d - 2)2 W + l)a + db + 2c) 

~ ^ _ 2) 2 (d - 4) ( 2c ^ + !) e + 2c ^/ + (d 2 - 8d + 8)/i) 

+ 2{d — 2) ( X2 + (d-l)(d-2) + d(2d + 1)X4 + 3(2d “ 1)X5 0 “ 2 m ’ 

7 = ~2(d — 2) 2 (d — 4) “ (d — l)(d — 2) 2 + l)a + d6 + 2c) 

+ ^ _ 2) 2 (d — 4) + l)e + df + d 2 g + (d" — 9d + 16)/i) 

3 ^ l 

- 4(d-l)(d-2)^ rf ;I3 + d14 + ' 


With these results as well as (13.61) and the weight-six part of (12.391) we can finally get the 
holographic trace anomaly in d = 6: 

(T\) = -4 ~ 21a -3 b-c)E 6 -\{\l 2 - 21a -36 + \c)h 

A KjIJ \ 

- ±(\l 2 - 21 a - 36 - f c)/ 2 + ^(±f? 2 - 21a - 36 + 3c) J 3 
+ ^(l^ 2 -21a-36 + 3c)j 1 + i(i£ 2 -21a-36 + 3c)j 2 
-±(±£ 2 -21a-36 + 3c)j 3 + ^(±£ 2 -21a-36 + 3c)J 4 

- 2L (i£ 2 - 21e - 3/ + 3/i) (d^fidiV 2 ^ - 4R ij V^^V 2 ^ + i? V 2 ^V 2 </> 

+ 2(2R ikjl R kl + + V 2 R ij )d i (t)d j (l) 

- (R l] R,j ~^R 2 + f V 2 i?)SVcW) 

- + ±cW iikl W ijkl & n <!>d m <fy . 


Here £16 is the Euler term in six dimensions and 7i 2 3 the three terms with Weyl-invariant densities. 
Explicit expressions for these, as well as for the trivial anomalies Ji 4, are given in Appendix 
ICl The first three lines in the part quadratic in (j) are in accord with the Branson operator [19] . 
while the next two terms involving the Weyl tensor were shown to appear generally in CFTs in 
six dimensions in m- Note that total derivatives have been dropped in ([3.141) . Just like in (13.91) 
the constants aq,..., X 5 , y±, y 2 , y 3 do not contribute to the final result ()3.14]) . 

We note here that the results (13.91) and (I3.14p have an obvious generalization to the case 
where (j) —>• 4 > a , where a is a flavor index. 


3.3. Bounds 

From the held theory point of view there are bounds derived by requiring positivity of the energy 
flux in lightlike directions m- These are bounds on the three-point function of the stress-energy 
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tensor, which in d = 6 take the form 


C\ — 1 — 2 — 7^4 > 0 , C 2 — 1 — ^2 — -^4 + ^2 > 0 , 


(3.15) 


— \ — |+ 2 ~ -^4 + |(^2 + t ±) , 
where t 2 and correspond to the angular dependencies of the energy flux at null infinity. They 
are related to the coefficients c±, C 2 and C 3 of the two- and three-point function of the stress-energy 
tensor by 


t2 = 


15 (23ci -44c 2 + 144c 3 ) 


U = - 


105 (ex — 2 c 2 + 6c 3 ) 


16 c 3 2 c 3 

where we use results for free fields first obtained in m (see also 
appears in the two-point function of the stress-energy tensor and thus c 3 > 0 . 
Our computation (13.141) allows us to determine 

1 L 5 


, (3.16) 

The coefficient c 3 


ci = 


4800\/l0 2 k? 

1 L 5 


c 2 = - 


C3 = 


19200\/T0 2 k? 
1 L 5 


(5 + V25 - 60 z) 3/2 (3(5 - 20 z + V25 - 60 z) + 160c) , 
(5 + V25 - 60 z) 3/2 (3(5 - 20 z + V25 - 60 z) - 160c) 


(3.17) 


(5 + V25 - 60 z ) 3/2 (5 - 20 z + V25 - 60* + 160c) , 


19200\/l0 2kj 


where 


L 2 = — 15/A, z = A2a + 6 b + 2c, a = a/L 2 , b = b/L 2 , c = c/L 2 . (3.18) 

We note that (|3.17p are invariant under field redefinitions §| With these results we can now use 
(I3.15P with (|3.16l) to obtain 

(5-20^ + ^25^60^) <c<—(5-20 z + \/25^60z), z < — . (3.19) 

880 x 80 20 


As we see c can take both negative and positive values. For Gauss-Bonnet gravity in the bulk 
we reproduce the result of [231124] (c —>• A/12 in their notation), 


5 1 

-< c < — . 

192 “ “ 64 


(3.20) 


4. Trace anomaly away from fixed points 

In this section we establish a connection with Osborn’s local RG. We will work in Einstein gravity 
with scalar fields <f> a . Since we are now interested in the flow of the boundary theory we will keep 
the ^-dependence of the various quantities that enter our expressions. Our flow equation is now 

{S r ,S r } = J? d: (4.1) 

3 With Einstein or Lovelock gravity in the bulk ci, C 2 and C 3 in (13.1711 are such that t± = 0. This implies that the 
corresponding boundary theory is superconformal [23l . 
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with 


h { S r , S r } — hikhji 


6 S r 5S r 


5hij 5h ki d- 1 




6 S r 

& hi i 




SSr 5S r 
5<p a 5ft 


b ’ 


(4.2) 


= V(ft) -R+ \H ab {ft)d i ft a d i ft b 


Following the prescription of [5], we use the splitting (13.11) and write down the local terms up 
to second order in derivatives: 


^loc = W(ft) - <5>(ft) R + ■ (4.3) 

Using (14.31) we collect terms of the same functional form in m and find 

v = \H ab d a Wd b W - 4 ( /_ 1} 4U 2 , (4.4a) 

-i = 2(^-1) ^ ~ Habd aWd b <S >, (4.4b) 

5 Hob = - 4 ( V- 2 l) ^ Mafe ” Wd « d ^ l> ~ T$cWH« , (4.4c) 

0 = VF5 a $ + M ab d c WH bc , (4.4d) 


where T^ c = \{d a M bc + d b M ac — d c M ab ) and d a = d/d(f> a . The holographic beta function is given 
by 

p a = -2{d-l)H ab d b logW, (4.5) 

where, although W is negative^ and dimensionful, we use <9 a logPU for d a W/W. 

In order to establish a connection with Osborn’s local RG, we have to study the scaling 
behavior of the scalar fields <f>, which are viewed as sources in the dual field theory. This is done 
by introducing a mass term in the bulk potential. For convenience we use for the massless 
bulk scalar fields, and \ f° r the massive ones with mass rn x . By solving (|4.4a|) perturbatively to 
second order in x, one can obtain A x = ^ jjd 2 + m^.1 2 |5] - This reproduces the standard 

relation between the mass m x of the scalar held x an, 4 the scaling dimension A x of the dual 
operator. To obtain the trace anomaly from the how equation (14.11) . we have to assign “weight” 
zero to the scalar helds q i, and weight d — A x to x- This can be shown to be equivalent to the 
prescription of [6], which uses a scaling argument. 


4-1- Marginal operators 

Here we only include massless scalar heds </>, which correspond to marginal operators in the dual 
held theory. In this case, 5i oc nicely breaks down to separate contributions of weight zero and 

4 We choose W < 0 so that H a b and M a b can be taken positive-definite consistently with (14. 4c. II in the limit where 
the <j) dependence is neglected. In that case 4> is positive as can be seen from (I4.4bl) . 
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two, with 


^loo = W (<t>) > ‘Z’loc = -H&R+ • 

The weight-d part of the flow equation (|4.1I) can be brought to the form 


2 ~ 6 T 

7 1 ^ 




1 5T 

VI 


1 




2 (d — 1) 
W 


{Si oc? Sloe} w=d ■ 


(4.6) 


(4.7) 


The left-hand side of (14.71) is clearly (T\) — /3 a (O a ), where O a are marginal operators. The right- 
hand side of (14.71) can be easily computed using (14.21) . It is clear that (14.71) is the holographic 
counterpart of the local RG equation of Osborn [25]. We should note here that (02]) involves 
bare quantities, but as was shown already in [5] we can essentially write down the same equation 
with the renormalized quantities. 

Osborn’s expression is the starting point for the derivation of Weyl consistency conditions that 
include an equation that resembles an a-theorem. Here we will compute the various quantities 
that enter Osborn’s expression holographically, focusing in the four-dimensional case. Using (14.21) 
we compute 


(Sloe, S , loc } tu=4 = 4 <f > 2 £ 4 + \^ 2 W^ kl W ijkl + \H ab d a <S>d b <5>R 2 

- 2 <S>d a <S>G ij \7id j( j) a + M ab 3 C <E> H bc R V 2 cj) a 

- $(M ab + 2 d a d b Q)G ij d i <l> a d j <l> b -\{<S>M ab - 6 Y% c d < &H cd )R&<l> a d i <l> h 
+ i (M ac M bd H cd - 2d a <S>d b $) VV V 2 / + d a $d b $V i &rVid j cf> b 

- i (M ab d c $ + 4d a d b $d c <s> - 2T^ bd M ce H de )d i ^ a d^ b v 2 ^ 

+ {M ab d c § + 2d a d b $d c $)d i rd j cj) b v i d j (j ) c 

- (j2 M ab M cd - \M ac M bd + \T^ be Tf df H ef 

+ \M ab d c d d <& - M ac d b d d $ + d a d b <&d c d d <$> - d a d c ®d b d d $)d l (j) a diVd j (j) c dj(j) d , 

(4.8) 


where G b j is the Einstein tensor. 

To match with Osborn’s expression we write 

(AW-A£)r = — J d 4 yVfia^^{S loc ,S loc } w=A , (4.9) 

where, with the definitions 

= ~2 J = J d 4 yaf3 a J^ , (4.10) 

we have 

A^r = J d 4 yVfia (T\) , A^T = J d A yVl a(3 a (O a ) . 
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(4.11) 








The general form of the anomaly is 


( A w - Ag)T = -Jd A yVh,a(AE A + BR 2 - CW ijkl W ijkl 

+ lEt&pdiR + \F&&4> a di4> b R + \Gt b dird j( t> b G lj 
+ i4v 2 fV 2 ^ + + I CtM&Fditf&Fdjt*) 

- J.d A yVhdia (W*d j </> a Gf ij + \d\DR ) + \Y*&<j>R 

+ d*(L^VV + \V^rd^ b ) + + iT^d^'d^cfcjf) , 

(4.12) 


and it is now straightforward to match coefficients between (14.911 and ( fTW ’l For example, we 
hnd 

The fact that A = C is a consequence of using only Einstein gravity in the bulk. Since W < 0 
we have A, C > 0. We also have 


1 12 1 12 

W^ = -2-f3 a f, Gt b = 2 fTF ({M ab +d a logWd b <$>+d b logWd a $)$-da , &d b $) , (4.14) 

Z Avg VV Z VV 

and we find that the consistency condition 


d a A = ± (Gt b + d a W$ - d b W*) p b , A = A + l w£(3 a , (4.15) 

is satisfied with the use of (14.4bl) and (|4.4d|) Pl We also hnd that when the ^-dependence of the 
various quantities is neglected, then G^ b is positive-definite due to (|4.4bl) and (I4.4cl) if we take 
W < 0 and H ab to be positive-dehnite. This gives results discussed in [33],(38], although the 
connection to these papers if the ^-dependence is maintained is not clear. Positivity of G^ b in 
perturbative held theory has been established in [26]. 

We also have 

A “ b = ^W MacMbdHCd ’ (416) 

which is negative-dehnite as expected from the held-theoretic analysis [26]. If the (^-dependence 
in (14.141) is neglected then we see using (13.61) that G^ b = —2a relation valid in conformal 
perturbation theory in held theory [26] . 

In d = 6 one should be able to repeat the analysis above and check holographically the 
consistency conditions of [3D]. Here we make a comment related to the metric analogous to G^ b 
in d = 6, G^ ab . In [32] it was shown in multihavor theory in d = 6 that this metric is 
perturbatively negative-dehnite around the trivial hxed point. Furthermore, in [20] it was pointed 


5 The results can be found in Appendix El 

6 The remaining consistency conditions of [25] are also satisfied—see Appendix [D] 
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out that this metric is proportional to the coefficient of the contribution W tklm W : >kimdi4 >a dj(j) b in 
the notation of (j3.14|> . Using our result (13.141) we find 

+ (417) 

at the fixed point, where 5 ab is the Kronecker delta and we use the definitions (13.181) . If c < 0 
this would give us a positive-definite G^ ab . However, our bound (13.191) shows that c has an 
undetermined sign, and so we cannot determine the sign of G^ ab from (I4.17|> at the fixed point. 

Besides the energy-positivity bounds discussed in section 13.31 there are more stringent con¬ 
straints arising from causality considerations in the bulk [39j. More specifically, causality viola¬ 
tions occur in the bulk for c / 0, unless there is an infinite tower of massive higher-spin fields. The 
significance of this result for the o-theorem in a six-dimensional field theory with nonvanishing 
Gt a b as in (14.171) is unclear. 


4-2. Relevant operators 

In order to include relevant scalar deformations we add scalar fields x a with nonzero mass m x . 
Then, the bulk Lagrangian becomes 

4 ’*’* = V((t>,x) -R+ \H ab d^ a d^ b + H aa d' J X a d p/ r + ■ ( 4 . 18 ) 

For concreteness consider d = 4 and = 2 . This corresponds to operators of dimension two 
in the dual field theory. Now terms in Si oc do not have definite weight, but we can still expand 

x) = w (</>) + x a (</>) x a + i u a p x V + ■■■, 

-$(& x)R = -Hm + Y a (ct>)x a R +■■■ , ( 4 . 19 ) 

±M ab (<^xW a <V = iM a6 (0)5V a 9*/ + iN^Wx^rdi^ + ■ ■ ■ . 

The action S\ oc now contains 

4 ? = -H0)R + *M)x a + ( 4 . 20 ) 


and 


4? = + + Y a {4>)x a R+\N aab {cl>)x a d i <j> a d i (l ) h . (4.21) 


We can also break down (S3D by weight. As an example, writing V (</>, x) = U (cj>) + V a (<f>) x a + ■ ■ ■, 
the weight zero part of (I4.4ap gives 


V = \H ab d a Wd b W 


4 (d _ 1} IU 2 + H aa X a d a W + \H°^X a Xp , 


(4.22) 


where V = V(4>) and W = W{4>). 
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Note that includes more weight-four terms, e.g. R 2 , but these correspond to ambiguities 
in the trace anomaly as has been explained in [7]. Contrary to this, the terms we include in 
(14.211) do not correspond to ambiguities, although they are of weight four. This is because the 
functional derivative with respect to x that appears now in the flow equation (14.11) reduces the 
weight by two. This, then, modifies equations (14.41) . and allows us to determine relations involving 
the coefficients in (I4.20P and (|4.2ip at weight zero and two respectively. Equation (I4.22P is the 
result at weight zero. 

With (14. 2(1 1) and (14.211) it is straightforward to work out the local Callan-Symanzik equation, 
and find holographic counterparts for the quantities considered in the case of scalar relevant 
operators of dimension two by Osborn [25j. For example, the left-hand side of (14.71) receives new 
contributions of the form 

2(d-i) (naa i i * r , J_«L \ 

w \ Vh s x a Vh*x? VI Sx > a VhSp )' 

These give rise to A” 1 and the shifts in and in [25j Eq. (3.25)]. 

If all %’s have A x / 2, then Sj oc would include 

^f Ax) = xM)x a , ^- 2Ax) = • 


(4.23) 


(4.24) 


These will result in extra contributions to the left-hand side of m of the form 

2(rf-p A„. i , „„ s i j_s_ = 

w \ VI Vh 5 ^ ) Vl 5 * a 


2(d- 1) 
W 


(H aa d a X0 + H a ~'U j8 )x P 


1 5T 

Vh S X a ' 


(4.25) 


The quantity ^VV{H aa d a X 0 + H ai Uyp) gives a holographic derivation of the operator D a p 
of [21 Eq. (2.12)]. 

Finally, we note here that dimension three vector operators in the boundary theory can also 
be added by considering gauge fields in the bulk. A discussion of this can be found in [ 30] , 
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Appendix A. ADM formalism 


We consider a (d+ l)-dimensional manifold with coordinates x p and metric g^ u . We will work in 
Euclidean signature so that locally g^ u = 5^ u , where 5^ v is the Kronecker delta. The line element 
can be written in the ADM form [36] 

ds 2 = g^dx^dx" = N 2 (y,r)dr 2 + hij(dy l + N l (y, r)dr) (dy j + N j (y,r)dr) , (A.l) 


where we assume a hypersurface-foliation of the (d + l)-dimensional spacetime along the radial 
coordinate r, and we define 




h*ij — 9in' & 


e “ = 


dx^ 

dy l 


(A.2) 


as the induced metric and y as the coordinates on the hypersurfaces, while N is the lapse function 
and N l the shift vector. We also define the vector 


t** 


dx p 

dr 


Nn p + Wef , 


(A.3) 


where is a vector normal to the hypersurfaces with = 1. The inverse of g fW is given by 


g^ = Wefe" + nV , (A.4) 

where h lJ is the inverse of hjj. 

The starting point for the decomposition of curvature tensors is the Gauss-Weingarten equa- 


tion, 

V„efe? = r %4-Kijn^, 

(A.5) 

as well 

as the equations 



= Kjej + ain p , 

(A.6a) 


V.n'X = Kitf , 

(A.6b) 

where 

Kij = = l^g^efe" , 

(A.7) 

with £ n the Lie derivative along n p , is the extrinsic curvature, T l j k is the Christoffel symbol 
defined from h;j. and a„- = a,,e^ with a,, = V,,n,,n u . With the helD of (IA.5D and (IA.6D. and with 
the definition [V^, 'S7 U \A P = R p aflu A a for the Riemann tensor, we can derive 


Cfc®/ — R-ijhl d^i k Kji + K^Kjk , 

(A.8a) 


Rpupan^e^e^el = V k Kij - VjK ik , 

(A.8b) 


H - j “I - ^ i&j CLiCLj , 

(A.8c) 
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where £ n Kij = £ n K /w efe/, K^ u = V ^n u — n^a^, and VjOj = V fl a u e p e'/. Equations (|A.8aP and 
(I A.8bh are known as the Gauss-Codazzi equations, while equation (IA.8cD is known as the Ricci 


equation. The decomposition of the Ricci tensor R = R p txpv is given by 

R^e^e'j = Rij - £ n Kij - KKij + 2K^I\ kj + V*Oj - a ? ;Oj , (A.9a) 

R^rNe/ = -8iK + VjK \, (A.9b) 

R iiv n p n v = -h ij £ n Kij + K VJ K t] + VX - a l a t . (A.9c) 

Finally, the Ricci scalar R = g pu R^ u has the decomposition 

R = d R- 2 h ij £ n K i:j - K 2 + 3 K ij K tj + 2 (V^ - a* a*). (A.10) 

In terms of the lapse it is not hard to see that a* = —di log N, and so 

VjOj — a t aj = ——'VidjN. (A.11) 


It is now possible to express some of the above quantities using the Lie derivative of the vector 
t p of (IA.3I) as opposed to n M , as well as the lapse and shift, since £t = N£ n + £jy. From (IA.3I) 
we see that £t = d/dr on a scalar. We define the tensor 

Lij = £ n Kij + —VidjN = — (Kij — £NKij + VidjN ) , K t j = £ t Kij , (A.12) 

with the aid of which we can express (IA.8cl) as 

R im „r£e"n p e/ = K?K kj - L l} , JW8cJ) 

and also (|A.9aj) . (|A.9cj) and (1 A. 101) as 

Riu> e i e j = R%j ~ + 2 Ki K k j — Lij , (|A.9a| ) 

R flu n p n u = K ij Kij -L, L = h ij , (TOcl ) 

and 

R = d R - K 2 + 3 K ij Kij - 2 L . (lATOl l 

Now, from (I A.7D we find 

hij = £thij = 2 NKij + ViNj + V jNi , (A.13) 


and we can also compute 
Finally, 


L = 


and so we can write 


1 — 

N \Vl 


£ t Vl= VJi(NK + V j Ni ). 

£ t {VfiK) + V\diN - KNi )^ - K 2 + 2 K ij Kij , 


(A.14) 

(A.15) 


R = d R + K 2 - K ij Kij - {VIk) + V\diN - KN ■) j . DF) 

With (IatoFI) we can easily read off the Gibbons-Hawking-York term for Einstein gravity 13 ll . 
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Appendix B. Boundary terms 


In this appendix we work out the allowed (^-dependent boundary terms in (12. 4|) . The form 
of has been determined in nu. 

The transformation properties of a general symmetric two-index tensor S IW with the ADM 
decomposition 

S^dx^dx" = F(y,r)dr 2 J r 2Gi(y,r)drdy l + Hij(y,r)dy l dy j (B.l) 

under the infinitesimal transformation considered in |35j, namely 


r^ r ' = r + e(y,r), 
y l -> y H = y* + e*(y,r), 

can be seen as follows^ Under a change of coordinates and demanding that S txv be invariant we 
get the condition 


(B.2) 


Fdr 2 + 2 Gi drdy i + H ij dy i dy j = F'dr ' 2 + 2G' i dr'dy ,i + H’-dy'dly'' , (B.3) 


where the primed quantities on the right-hand side are functions of r 1 , y'. Also, 


dr' = dr + d r edr + diedy 1 , 
dy n = dy l + d r e l dr + d } e l dy 3 , 


(B.4) 


and from the first equation we see that when dr = 0 then dr' = 0 only if die = 0. This is a 
condition we require only on the boundary, and thus die{y, ro) = 0. Keeping only terms involving 
the derivatives of e,e l , we get 


F’ = F -2Fd r e-2G i d r e i , 

G\ = Gi - F- Gid r e - Gjd t e j - Hijd r e j , (B.5) 

H'j = Hij - Gidje - Gjdie - H ik d,e k - H jk die k . 

As a check, we note that taking = hij, F = N 2 + hijN l N J and Gi = IVj reproduces equation 
(C.2) of [35] for the transformation of the lapse, shift and induced metric. 

We now apply this procedure to the tensor <9^ (/><%</>, which has the ADM form 


d^d u (t) = (. N£ n ej) + £j\r4>) 2 N 2 dr 2 + 2(N£ n 4> + £n4>) di(\)drdy l + d^dj^dy 1 dy j , (B.6) 


and get 

5(di4>dj(j)) = —di(f)d k (j)dje k - dj(j)d k (j)die k . (B.7) 


7 


Note that under a finite diffeomorphism of the form x M ► }^{x) we require f r {y,ro) = ro so that the location 


of the boundary is fixed. 
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Also, if we use <9je(y, rg) = 0 then 



SKij = -die k K kj - dje k K ki , 

(B.8) 

and so 

SK ij = ~(h ik K jl + g jk K il )Sh k i + g ik g jl 5K jL = K ik d k e j + K jk d k e l . 

(B.9) 

Thus, with the use of (|B.7|) and (IB.91) we finallv find 



6{K ij di^djcj)) = 0, 

(B.10) 

which shows that K tJ di(j)dj(l) is an allowed boundary term. Furthermore, since 5K = 0 and 
6(d l cj)di(j)) = 0, we conclude that AT(9*0<9j<^ is also allowed. 

There is a further term that is quadratic in q 5>, has three derivatives at the boundary and one 
of them is a radial derivative, namely d l £ n (/)di(j), or, equivalently, £ n /f>V 2 (j). The transformation 
property of the Lie derivative can be worked out by considering 


dcj) = ( N£ n <j> + £n4 >) dr + di<f>dy l = (N£ n (p + £ N (f>)'dr' + {8$)'dy ' 1 , 

(B.ll) 

which gives 

5(N£ n (j)) = — N£ n (f>d r e => 5(£ n q !>) = 0. 

(B.12) 

Furthermore, 

, we have 5{S7idj(j)) = —\7id k 4>dje k — Vjd k (j)die k and so 



5(V 2 ^) = 0. 

(B.13) 


Thus, from (IB. 12|1 and (IB.131) we see that the term ,£ n </>V 2 </> is an allowed boundary term. Note 
that the difference between the terms V 2 0V 2 (/> and jL d v <\) in (|2.2D contains just the bound¬ 
ary terms in 2z fg of (12.41) . Nevertheless, the coefficient of ^d u <f> in (I2.2j) contributes to 

the anomaly (13.14|) while that of V 2 </>V 2 0 does not. 


Appendix C. Expressions for six-dimensional curvature tensors 

A complete basis of scalar dimension-six curvature terms consists of m 

A'i = A 3 , K 2 = RR^Rij , K 3 = RR i > kl R ijkl , K 4 = R jk R\ , 

K 5 = R ij R kl R iklj , Kg = R^R lklm R / dm , K 7 = R l]kl R. klrnn R mn l3 , 

K 8 = R^ kl R mjkn R i mn i , K 9 = R V 2 A, K w = R ij V 2 R t] , K u = R^ kl V 2 R ijkl , 

K V2 = R^VidjR , K l3 = V l R jk V iR,j k , K u = V l R jk V,R ik , 

K 15 = V l R jklm V ! R jklm , K w = V 2 R 2 , K 17 = (V 2 ) 2 R. 
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In equation (13.14|) in the main text we use the combinations 


h = - ^K 2 + IK, + A 4 - f A 5 - f^6 + ^8 , 

/2 = 200^1 - 1^2 + ±K 3 + f A 4 - IA 5 - 3 A 6 + K 7 , 
h = + %I <2 ~ | K 3 - A 4 + 6A 5 + 2 K 7 - 8A S 

+ § Ag — 6ivio + 6 An + 3 A13 — 6A U + 3^15 , 
Eq = Ai — 12 A2 + 3 A3 + I6A4 — 24 / 1,5 ~ 24 Ag + 4A7 + 8As , 

Ji = 6Ag — 3A7 + 12As + A'10 — 7 An ~ IIA13 + I2A14 — 4Ai5 , 

J2 = —\ A g + A10 + | A|2 + A13 , 

J 3 = A 4 + As - |j Ag + | Aia + Au , 

J 4 = -i Ag + All + f Aia + A15 • 


Appendix D. Anomaly coefficients and consistency conditions in d = 4 

Osborn’s consistency conditions in d = 4 can all be verified using the holographic result (14.91) . 
First, we list here the holographic results for the coefficients in (14.121) . We have 


A = C = -iJL$ 2 , B = J^?ld a <S>d b <S>H ab , D = 0 . 


2 k§ W 


2 k§ VF 


(D.l) 


118 112 118 

Et = —r^^M ab d c $H cd , = — 2 —<hd a 4 >, y/ = -__M afe d c <I>A 6c , E 7 * = 0 , 

2«g fv 


2 «§VF‘ 


2k\ W 


(D.2) 


1 6 

F ab = ~ 1 ^ 2 wA M ^ + 3d a $d b <P + 3d c M ab d d <S>H cd - 6M c(a d fe) log IF5 d 4> A cd 

+ 6M c(a fy0 d $ A crf + 6M c(fl 5 6) A d a rf $) 
G tb = --^ 2 l 77 {( M ab + da log IFS b <F + d b log IF<9 a 4>) $ - <9 a 4><9 6 4>) , 

= KS = - 5 ^** 4 *, * = d?W****' 


(D. 3 ) 


1 6 

,Qbc “ 2AfTw 1 


Bt, = —^^z(d a <S>d b <$>d c \ogW + 2<9 c <h5 (a <hc> fe) log IF + 2M c(a S 6) 4> - 2 T^ bd M ce H de ) 


1 6 


TL = - 2d a $c> b $cUog w + 2d a d b <s>d c $ - 2M c{a d b) $), 

Z Avr Vr 


(D.4) 
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and 


1 9 


n4> 


abed 



+ 3M ab d {c <S>d d) log W + 3M cd d {a <P8 b) log w 

- 3M ac d {b <Pd d) log W - 3M bc d (a <Pd d) log W 

- 3M ad d {b <Pd c) log W - 3M bd d {a $d c) log W 


(D.5) 


— 3d a <Pd b <Pd c log Wd d log W — 3d c <Pd d &d a log Wd b log W 
+ 6d a d b $d( c $d d ) log W + 6d c d d <Pd (a <Pd h ) log W 
+ 3d a ^d b ^d c d d \ogW + 3d c <Pd d $d a d b \ogW 



With these results and with the use of (I4.4b|i , (I4.4cl) , (I4.4dj) , and (14.51) we find that the consistency 
conditions of [25], namely 


8 d a A-Gt0 , = ~£pWt, 

2 Ef + At b P b = -£pUt, 

8B-A£ b fi a fi b = £p(2D + U^ a ), 


4 d a B + (At + FfofP = £p(d a D + y a * - U*), 

G& + 2A& + At = £pS£ b , A £ b = 2d a p c At b + p c B* ab , 

2 (At + Fi) + A £ b + P c (2At (ab) - A£ bc ) = £ p {s£ b - A£ b - 2 d {a U^ + V&), 

A£ bc = d c A£ b - Bt {ab) , 

d [a Gt )c - i d c G£ b + B£ bc + d c p d Bt bd + C£ bcd fi d = \£ p T* bc + d a d b fi d S£ d , 


(D.6) 


are satisfied. 
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